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Abstract— This paper considers the growing of a solid layer on a sheet that moves through a liquid and which

is kept at a temperature below freezing. The convection in the liquid is fully taken into account. It is found

that the thickness of the layer is proportional to the square root of the distance from the point where the sheet

enters the body of liquid. The main difficulty lies in determining the factor of proportionality in this

relationship. Asymptotic expressions are derived for this factor in the case where latent heat is much greater

than sensible heat. Also presented are approximate solutions valid for very small (liquid metals) and very
large (polymers) values of the Prandtl number.

NOMENCLATURE
b, 1,02 (6.3);
Cn» expansion coefficient (4.9);

specific heat of liquid at constant
pressure [J-kg ™' - K™'];
£, function defining the velocity field (3.1);

S expansion function (4.2);

F, function defined by (5.5);

k, thermal conductivity of liquid
['m™'-s7t-K™'];

ks, thermal conductivity of solid
[Jm™'-s7 1K™

K, ky/k;

L, latent heat of fusion [J/kg];

s, a /o;

To,  temperature of ambient fluid [K];
T, temperature of the sheet [K];
T freezing temperature [K];

u, velocity component in the x-direction [m/s};
U, velocity of the sheet [m/s];
v, velocity component in the y-direction {m/s];
X, coordinate measuring distance along

the sheet [m];
Vs coordinate measuring distance from

the sheet [m].

Greek symbols
¥ pdp;
d, thickness of solid layer [m];
1, similarity variable (3.3);
N valueofyaty = §;
7, approximate value of #, (4.14);
7, n—1ns;
0, normalized temperature (3.2);
0, expansion function (4.3);
0., value of 0 at freezing;
K, thermal diffusivity of liquid [m?/s];
K thermal diffusivity of solid [m?/s];
i, transformed similarity variable (5.5);
v, kinematic viscosity of liquid {m?/s];

0 density of liquid [kg/m?];
ps  density of solid [kg/m?3];

Prandtl number: v/x;
Prandtl number: v/x,;
2yaL/c,/(To—Ty);
parameter defined by (4.13);
w/o;

K(1-4,).

Dﬁlﬁlgeqs

1. INTRODUCTION

THE SOLIDIFICATION of a liquid on a wall cooled to
below the freezing point has been the subject of many
theoretical studies. Practical applications of this work
may be found in various fields of engineering. In
metallurgy, for example, we have the application of
thin metallic layers on solid walls, thin wires, tubes etc.
When a liquid metal is conducted through a tube ora
channel, it is important to make sure that no blockage
will occur through the development of a solid internal
crust [1]. Similar applications, such as ice formation
inside water mains, were mentioned by Zerkle et al. [2].
The solidification of polymeric liquids is an important
process in the electrical and chemical industries. This
process finds application in the casting of an insulating
coating on electricity cables or wires. In semicon-
ductor technology the growing of silicon layers etc. is
of importance.

Apart from this variety of applications, there are
also a variety of ways in which solid layers may be
grown. The simplest way is to keep the system at rest
and to let the solidification take place through pure
temperature action. Some recent references are [ 3—6].
Another possibility is to force the liquid to flow along
the wall on which the solidification is to occur.
Examples are given in references [7-11]. In [12] the
solidification of a liquid film on a vertical wall has been
studied.

A third way to grow a layer is to let the subcooled
wall move through a liquid otherwise at rest. The
solidification will then occur in a boundary layer near
the moving wall. In this way layers can be created
continually by leading the bare wall into the liquid ata
certain location and by taking it out of the system at a
point where the layer has grown to the required
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thickness. Instead of varying in time, as was true in the
first class of problems, the thickness of the layer now
varies spatially. Moreover, by controlling the velocity
of the wall, we are able to influence the rate at which
the layer will grow in the lengthwise direction. From
the point of view of process technology this method
may be regarded as very attractive. It is likely that the
yield of a continuous process will be much larger than
that of a batch-type process.

An interesting application of this technique is
described in a recent paper by Chopra et al. [13]. To
produce a continuous lead sheet they use a rotating
drum which is slightly immersed in a melt. The drum is
cooled internally so that the surface will be at a
temperature below the freezing point, even if it is in
contact with the melt. As a result a solid layer will grow
on the drum. At the upper side this layer is taken off the
drum in the shape of a continuous lead sheet. “While”,
to cite the authors, “this process is now well estab-
lished, little is known from a fundamental point of view
about the solidification and heat-transfer process
between the casting drum and the lead bath”. This
shows that there is a need for some theory to describe
this kind of process.

In this paper we intend to consider a sheet which at
some location enters a body of liquid. The sheet is kept
at a temperature below freezing. We shall consider
steady conditions only, where the solid layer has
assumed its perfect state. The main object of the paper
will be to determine the thickness of the layer as a
function of the distance from the inlet.

From a mathematical point of view the problem
considered here is related to the problem area con-
cerned with the flow about and the cooling of con-
tinuous moving objects, such as sheets or cylinders. A
few references are [14-17].

2. FORMULATION OF THE PROBLEM

We consider a continuous moving sheet which
enters a semi-infinite fluid region through a slit in a
bounding wall. This wall is assumed to be insulated.
The heat capacity of the sheet is assumed to be large, so
that it will remain at a fixed temperature T}, which is
below the temperature T, at which change of phase will
take place.

The surrounding fluid has a temperature T;, which is
larger than T, i.e.

T, <T,< T, (2.1)

The sheet moves at a velocity u,. Under these con-
ditions the fluid will solidify near the moving surface
and we obtain a solid layer which becomes thicker as
we move further away from the slit (Fig. 1).

To describe this problem we need a coordinate
system. At any point in the fluid or in the solid layer, x
is the distance from the bounding wall and y is the
distance above the sheet. The position of the
solid—liquid interface is given by y = 8(x).

The differential equations governing this problem
describe both the transport of momentum and the

Y
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F1G. 1. Geometrical configuration.

transport of heat. To describe the motion of the fluid
we have

(3;4 + o =0 (2.2)
ox Oy B '
du . ou  u 23)
U—+v—=v—— .
ax Y dy Y oy?

which are boundary-layer-type equations. It is well
known that these equations may be used if u,x/v > 1,
i.e. where x is large enough. However, this condition
does not seriously restrict the applicability of the
results. For water, e.g. we have v ~ 107® m?/s, so that-
for u; ~ 0.1 m/s the condition is x » 10”5 m. Only in
the case of a very slowly moving plate the results will be
of limited value. For many other materials similar
conditions can be found. Clearly the equations are
considered in the region y > 6.

Transport of heat takes place both in the fluid and in
the solid layer, i.e.

oT oT 3T .
u5£+UE;=K_6y2 if y>5 (24)
orT *T .
us-é; = K “ﬁyz if 0<y<ad. (2.5)

The boundary conditions of this problem are pre-
scribedaty = 0,y = dand y — co. At the surface of the
sheet we simply have

T=T, at y=0. (2.6)
To describe the ambient conditions we put
u—-0, T->T, if y— oo 2.7

At the interface the conditions are more complicated.
First we have a prescribed velocity and temperature

u=u, T=T at y=34. (2.8)

Next we have to demand continuity of mass transport
through the interface. By considering an infinitesimal
pill-box, with one side in the fluid and one in the solid,
we are able to derive the following condition

dé do

u——v = Py —.

p dx y=4+0 g dx

The thermal balance at the interface can also be

given by means of the pill-box model. Applying
boundary-layer approximations we easily find

oT orT

s 4 k——

dy Oy

(2.9)

k

do
= puL—. (2.10)
y=5+0 dx

y=4-0
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3. SOLUTION
The problem can be solved by means of a similarity
transformation. We shall present this transformation
directly, omitting a detailed description of how it can
be obtained. We then have

o  (w\Pdr
L) o

u=1u
T=T—(T,—T)bn) (32)

w \12
r’=y<4vx) ’

It can be proved by substitution that (3.1) satisfies (2.2).
For the similarity transformation to be valid it is
necessary that the solid-liquid interface can be repre-
sented by a fixed value of #, that is by n = n,. It then

follows that
4yx\1/2
5=m< )
uS

where #, is an unknown that we shall find later by
integrating the complete set of equations and boun-
dary conditions. This set can be found by substitution
of (3.1)~(3.4) into (2.3)—(2.10). The result is

(33)

(34)

A =0 my<n<oo)  (35)
0" +2af6 =0 (ns < n < o) (3.6)
& +20,n8 =0 O<n<n,) (37
n=0: 6=1 (3.8)
n=n, f=wm f=1 (39)
6 =0, (3.10)

o0 06
:3;,,=,,s+0= %”="3_0+wn, (3.11)
n—oow: =0, 6-0 (3.12)

where
o= _ﬂ’ = I& (3.13)
c,(To—Ty) k

A prime stands for differentation with respect to the
argument. It is clear that the temperature field and the
flow field are coupled inasmuch as 5, is an unknown. In
general, this will complicate the numerical integration
of the present system. Another complication is the
large number of parameters influencing this problem,
viz. g, o, 7, K and w. We shall show later on that
matters can be simplified considerably by assuming
certain parameters to be large or small. We shall
succeed in finding solutions that reveal an explicit
dependence upon the parameters of the problem.
The integration of (3.7) can be done immediately:

erf (nal’?)

0=1-(1-6;)——F5-.
( S)f«rf('l,ai’z)

0 <7y <n)(314)
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The boundary condition (3.11) can now be rewritten as

n=rns+0:

o\"?  exp(-nlo,)
0 =an—2K(=) (1-8)———>
onc=2x(3) -0

(3.15)

where the derivative is understood to be taken at the
fluid side of the interface. The remaining part of the
paper will be devoted to the solution of the system
consisting of the equations (3.5), (3.6), (3.8)—(3.10),
(3.12) and (3.15).

4. THE CASE n,« 1

For many materials the latent heat L predominates
over the sensible heat, i.e. L > ¢,AT if the temperature
differences are not extreme. This means that o » 1 if
the Prandt] number o is not too small. In a later section
we shall consider the case of small ¢ in more detail. For
the moment we shall assume a Prandtl number of
order unity. It will be of interest to determine the value
of w for a typical fluid in this Prandtl number
range: water. For water we have ¢ = 13.4, L = 334000
J/kg, v =092, ¢, = 4200 -kg~'- K1, so that

1960 K
Ww~—.
(To—Ty)

It follows that > 1 in most practical cases.

Integrating (3.6) from = n,to # = co we can easily
prove that 0'(y,) < 0. From (3.15) we then see that
— o0, leaving the remaining parameters unchanged,
necessarily implies 7, — 0. In consequence, we seem
justified in searching for a solution valid for small
values of 5, We also note that the equations (3.5)—(3.6)
do not change under the transformation # = #—1,,
whence we can solve the system by introducing the
expansions

(4.1)

fay=73% f.mony 42)
n=0
0(n) = 6, Y, 0,() (yn,)" 4.3)

n=0

and substituting these in the requisite equations and
boundary conditions. In doing so, we shall disregard
the boundary condition (3.15) for the moment. The
perturbation functions satisfy the equations.

5+ 25 = 0

U2 f +2sfi =0 44)
P+ Yo fi +2Usfe = 2N
05 +20fo0, = 0
07 +20(fo0 +/,05) =0 (4.5)

3 +20(fo02 +£161 +/266) = 0
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and the boundary conditions are

=0 fi=0(n=£1), fi=1 46)
Fi=0n#0) fy=1

8,=0(n#0), =1 4.7)

fA—ow: fi—=0, 6,0 (4.8)

The function f; describes the well-known

Sakiadis—Howarth velocity profile [ 18, 19]. The equa-
tions can be integrated numerically without much
difficulty. Results which are useful for the present
analysis are tabulated in Table 1. Using this table we
are able to find the value of the expression

0,(’15) = -CO—CI"’S—'CZ"]52+ (4'9)
where
¢ = —86:y'6;(0). (4.10)
Table 1. Numerical figures which are useful in the calcuation
of (49)
o —80(0) —61(0) —85(0)
0.1 0.145725 0.08584 0.0410
0.2 0.267358 0.19012 00763
03 0.372512 0.30407 0.1115
04 0.465730 042357 0.1485
0.6 0.627041 0.67143 0.2300
0.8 0.765217 092512 0.3218
1.0 0.887496 1.18148 0.4232
20 1.366517 2.47376 1.0510
30 1.731765 3.76748 1.8406
4.0 2.038364 5055945 2.7616
6.0 2.550827 7.63865 49333
8.0 2981643 102133 7.4799
10.0 3.360587 12.7848 10.351

Having found the formal solution, which is valid for
a given but arbitrary value of n, < 1, we are now in a
position to determine the true value of 5, by demand-
ing that (4.9) should be equal to (3.15).

Expanding (3.15) for small values of n, we obtain

Q
0'(ns) = wng — —{1-3nio,+Omio)} (4.11)
n

s

where
Q=K{1-8).
It follows that 5, should be calculated from
0= —Q+con+am+emd+-  (412)
where
@ = w+e, +30,80 4.13)

Since we assume w » 1,1i.e. @ » 1, itis clear that a first
approximation can be obtained by neglecting terms of
O@n2). The result is

2Q/C()
1+ (14+-4Qd/ck)?

Including the term c,n2 we obtain a better approxi-

mation
Hs ~ ﬁs{ 1

fy ~ Ty = (4.14)

=2
Calls
} ﬁ?ﬁ‘v} (@13

The applicability of these results is restricted by the
condition 5, « 1,1.e. by fj, « 1. Therefore, the values of
@,  and ¢, should be such that the R.H.S. of (4.4) is
much smaller than unity.

5. THE CASE o« |

If the Prandtl number is small, the temperature
boundary layer will extend far beyond the viscous
boundary layer. We may therefore obtain a first ap-
proximation of the temperature field by substituting the
asymptotic velocity field into {3.6). The solution then
satisfying (3.9} is simply

8 ~ 0, exp{ —2af (c0)(n ~1,)}.
As this solution must also satisfy (3.15) we find

1 O 12 exp(——qfas) -
f(‘”’“’?.a&{z(?) ¢ - }

erf(n,0}/?)
where we have introduced

(5.1)

(5.2)

(5.3)

Since we not only have the Prandtl number o, but also
the Prandtl number o, based on the properties of the
solid state, it will be convenient to introduce the ratio

(5.4)

It does not seem unreasonable to assume that ¢ « 1
implies o, « 1 and that s is of order unity.

For a given value of 5, we can also determine f{(c0)
by integrating equation (3.5) using the conditions (3.8),
(3.9) and (3.12). Performing such an integration for
various values of 5, and y we are able to produce the
graphs of Fig. 2. The value of n, is then determined by
the intersection of (5.2) and the requisite graph of Fig.
2.

Iff (co)islarge, i.e. if , is large, Fig. 2 cannot be used.
However, we are now able to do an asymptotic
analysis. Indeed, if we introduce the transformation

S =nFw), (5.5)

@ = w/o.

s = o0,

= —nn,

%
i
~
[y

~~
~

%/ ,
feo //
7

N
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:
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0 2 3 3
= s

F1G. 2. The value of f(o0} as a function of 5,
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symptotic behaviour of 5, valid for #,> 5 and
g« L

Fic. 3.

the system for the function f is redefined as follows

F"+2FF" =0 (5.6)
FO)=y, F(0)=n% F(o)=0 (57
The system admits the solution
Fry+dy™'n 2(1—e)4+0(7%)  (58)
when #, > 1. This yields
f(00) ~ yme+ 2y~ + 0,3 (59)

We can now determine 5, by equating (5.2) and (5.9).
Using the first term in the expansion {5.9) only we are
able to derive the result of Fig. 3.

6. THE CASE ¢» 1

In large-Prandtl-number fluids the temperature
boundary layer is very much thinner than the viscous
boundary layer. We may therefore derive an approx-
imate solution for the temperature field by substituting
into (3.6) the linear approximation

which is valid near the solid-liquid interface. The
ensuing equation can be solved analytically:

erfe{[ (v — ), +nlo/?}
erfc(yn,ot/?)

6~ 8, 6.2)
By taking the first derivative of (6.2) with respect to 5
and demanding that this should be equal to (3.15) we
obtain an algebraic equation for the unknown #,. In
terms of the more suitable unknown

b= n,oll? (6.3)
this equation reads
0, '
PGB erteh) T 2
QSUZ
~ exp(b%s) erfe (bs'?) (64)

In general, the value of b must be calculated numeri-
cally from (6.4). In view of the large number of
parameters involved it does not seem possible to
present useful tables or graphs. Of course, if b is
extreme we could attempt to derive approximate
results. Thus we have

n12Q0; !
b~ :
14+ {1+ 7@ +4r ™10,y +£sQ)0,; 2}/
if b « 1, which is the equivalent of (4.14) valid for ¢

large. For b » 1(6.4) remains an implicit equation for b
and the asymptotic result will be of limited usefulness.

(6.5)

7. CONCLUSIONS

The main object of this paper has been to determine
the thickness of the solid layer, 6. By (3.4) this thickness
was shown to be related to a dimensionless parameter
ne which is a function of a great many physical
constants such as o, 0, 7, K and @®. In general, this
functional dependence cannot be given explicity. How-
ever, we were able to derive useful asymptotic results
that seem to cover almost all practical cases within the

f~@G-—1n+n {6.1) limits given by the conditions of Section 2.
Ug \ Yz
Y (a1)
3 |
SR
2 >
T —= R

I S N T S T T N

3 4 5

- X[1

FIG. 4. Streamline behaviour before and after freezing (y = 0.5).
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It is also worthy of note that the flow field reveals
some peculiar characteristics. In Fig. 4 we have
presented some flow lines for y < 1 and these show that
fluid particles reach a minimum distance from the
surface of the sheet before actually becoming part of
the solid layer. The reason, of course, is that the
material expands upon solidification. In order to
demonstrate the effect clearly we have done the
calculation for the rather unrealistic value y = 0.5.
When considering the graph one ought to realize that
the normal coordinate has been blown up, again to
show the effect clearly.
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SOLIDIFICATION D’UN LIQUIDE SUR UNE PLAQUE MOBILE

Résumé—On considére la croissance d’une couche solide sur une plaque qui se déplace dans un liquide et
qui est maintenue 4 une température au dessous de celle de solidification. La convection dans le liquide est
complétement prise en compte. On trouve que 'épaisseur de la couche est proportionnelle 3 la racine
carrée de la distance & partir du point ol la plaque pénétre dans le liquide.

Le difficulté principale est la détermination du facteur de proportionnalité. Des expressions asymp-
totiques sont obtenues pour ce facteur dans le cas ol la chaleur latente est trés grande par rapport 3
la chaleur sensible. On présente aussi des solutions approchées valables pour des valeurs trés petites

{métaux liquides) et trés grandes (polyméres) du nombre de Prandtl.

DAS ERSTARREN EINER FLUSSIGKEIT AUF EINEM SICH BEWEGENDEN BAND

Zusammenfassung—Die Arbeit betrachtet das Anwachsen einer erstarrten Schicht auf einem Band,
welches sich durch eine Fliissigkeit hindurch bewegt und auf einer Temperatur unterhalb der Erstarrungs-
temperatur gehalten wird. Dabei wird die Konvektion der Fliissigkeit mitberiicksichtigt. Es zeigte sich,
daf die Eisschichtdicke proportional der Quadratwurzel aus der Entfernung von der Eintauchstelle auf
dem Band ist.

Die Hauptschwierigkeit liegt in der Bestimmung dieses Proportionalititsfaktors. Fir den Fall, daB
die latente Wirme erheblich groBer als die fithlbare Wirme ist, werden asymptotische Ausdriicke fiir
diesen Faktor abgeleitet. AuBerdem werden Niherungslésungen fiir sehr kleine (Fliissigmetalle) und sehr

groBe (Polymere) Prandtl-Zahlen angegeben.

3ATBEPAEBAHME XUAKOCTH HA
NEPEMEWAIOIENCA TJTIACTHUHE

AuHoTanus — B CTaTee paccMaTPHBAETCS POCT CJOf TBEPAOrO BELIECTBA HA MUIACTHHE, nEpeMe-
[AOLIEHCH B XHAKOCTH ¥ HMEIOWICH TeMIepaTypy HMXKE TOYKH 3aMEP3IAHMUA C YHETOM KOHBEKILMH B
xkunaxoctd. HafzeHo, 4To TOJWIKHA CJI0OA IPONOPLHMOHANLHA KBAAPATHOMY KODHIO PACCTOSHHS OT
TOYKH BXOJd NJIACTHHBI B XKUIAKOCThH, OCHOBHAS TPYAHOCTb COCTOSAIA B ONPEENeHHH Ko hHIHEHTa
NMPONOPUHOHAILHOCTH B 3TOM COOTHOLUEHHH. BBIBENEHbI aCHMMATOTHYECKHE BHIPAXEHHA NS KO-
opuuMenTa NPONIOPUMOHAILHOCTH B Clly4ae, KOrja 3HaueHHe CKPbiTOH TEmIOThl HAMHOTO Mpe-
BOCXOAHMT BeNWYuHy Teruocoaepxkanus. puponsircs Taike NpubiMKeHHble DELIEHHS, CIPABELIH~
Bpi€ [UIS1 O4EHD Ma/IbIX (KHIKHE META/NIbl) i o4ersb Sonbmx (TonuMeps ) 3HaveHunl yucna Npannra.



